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Abstract—Symbolic Regression (SR) is an interpretable ma-
chine learning technique that discovers closed-form expressions
from data, increasingly adopted in scientific and industrial
applications. However, its use in privacy-sensitive domains has
remained limited, as conventional SR methods require centralized
data access for parameter estimation and model selection.

We propose Bayesian Federated Symbolic Regression (BFSR),
the first framework enabling SR in horizontal federated learning
scenarios with formal Bayesian grounding. BFSR formulates fed-
erated SR as a sequential process that jointly performs marginal
likelihood-based model selection and distributed Bayesian pa-
rameter inference, allowing clients to refine local posteriors
without sharing data. We instantiate this framework via a
two-stage strategy built upon genetic programming: during the
evolutionary algorithm, we estimate model quality via the global
Bayesian information criterion computed through Gaussian pos-
terior fusion under a large-sample approximation; in the second
stage, we apply full sequential Bayesian inference to a subset of
candidate models for principled uncertainty quantification and
refined marginal likelihood estimation.

Empirical evaluations on six datasets under varying levels of
data heterogeneity and different numbers of clients show that
BFSR consistently outperforms existing federated baselines in
predictive accuracy and model interpretability, also enabling
uncertainty quantification. These results establish BFSR as a
scalable and trustworthy solution for federated modeling, well-
suited to high-stakes domains requiring transparency and reliable
epistemic uncertainty estimates.

Index Terms—Explainable Al, Federated learning, Bayes meth-
ods, Genetic algorithms

I. INTRODUCTION

Symbolic Regression (SR) is a machine learning technique
aiming to find the closed-form expression that best fits a given
dataset [1]-[5]. During the last years, SR showed remarkable
results in non-linear data-driven modeling, even on small
training datasets [6], and was shown to generalize better than
more powerful but black-box artificial intelligence methods
in hundreds of tasks, providing interpretable results in most
cases. For this reason, it was recently applied to high-stakes
domains such as healthcare, to mine data-driven models for
predicting binary, real-valued, and time-dependent events (see,
e.g., [5], [7]-[11]), underlying its capacity to enhance different
classes of statistical models.

Despite the growing interest in SR, most applications were
explored in centralized data setups. In contrast, high-stakes
domains often involve decentralized, privacy-sensitive data,
where local models need to be validated on external datasets
without compromising data confidentiality. This challenge can

be overcome by Federated Learning (FL) [12] which enables
the collaborative training of a global model without sharing
local data. FL techniques, typically developed for and applied
to deep learning models, can be classified as horizontal or
vertical depending on whether the clients share the same
features or samples, respectively [13].

The application of FL techniques to SR received some
attention only during the last years [14], [15]. The first and, to
date, only horizontal FL approach [14] uses a non-parametric
clustering method (Mean Shift) to aggregate model fitness
across clients. While innovative, this strategy precludes global
parameter estimation and thus hinders parameter calibration
within symbolic models. Consequently, model selection is re-
stricted to randomly sampled formulas with fixed coefficients,
leading to inefficient exploration of the functional space. Given
that parameter tuning significantly enhances convergence and
predictive performance in SR [16], and that distributed pa-
rameter inference is central to FL, this omission represents a
fundamental limitation.

Beyond the need for decentralized parameter estimation in
symbolic models to enhance accuracy, we argue that achieving
generalization and trustworthiness hinges on robust uncer-
tainty quantification techniques. Symbolic methods are often
applied to tabular datasets, such as electronic health records,
which are typically small to medium in size and exhibit high
heterogeneity in both dimensionality and value distributions
across sources. Uncertainty quantification is thus crucial to
evaluate how effectively the global model adapts to local data
distributions and to determine whether the aggregated data
can be meaningfully captured by a single, unified model, i.e.,
whether it plausibly originates from a common underlying
data-generating process.

In deep learning, addressing distributional heterogeneity
in federated settings has received considerable attention in
recent years. Since the introduction of FedAvg [17], the most
widely adopted FL algorithm for neural networks, numerous
approaches have been proposed to improve convergence and
model robustness under non-IID conditions [18]. These in-
clude regularization-based strategies [19] as well as Bayesian
FL (BFL) frameworks, which, in addition to improving per-
formance in heterogeneous and data-scarce settings, provide a
principled means of quantifying model uncertainty [20]-[22].

However, applying off-the-shelf FL solutions to SR does
not suffice for obtaining accurate decentralized point or
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Fig. 1. Illustrative example: posterior parameter distribution (shaded areas)
and maximum likelihood estimates (dashed lines).

distributional parameter estimates, due to several fundamental
limitations. First, decentralized point parameter estimation
techniques developed for deep learning models are not
naturally suited to SR due to structural differences. While
the architecture and number of trainable parameters in
neural networks are fixed a priori, the most widely used
method for exploring the model space in SR leverages
genetic programming, involving the continuous generation
and evolution of model structures. The dynamic nature of SR
significantly alters the number and identity of parameters over
time, and may also lead to uncontrolled formula bloat [23].
To address this, conventional FL methods must be augmented
with statistical model selection criteria that can guide the
search toward parsimonious and interpretable expressions.
Finally, while standard BFL techniques may, in principle,
provide uncertainty estimates for individual distributed
SR models, their application to genetic programming
remains computationally prohibitive. BFL approaches are
typically tailored for static NN architectures and often
rely on techniques such as knowledge distillation [21] or
iterative estimation of local posterior distributions [22]. Such
methods are computationally intensive and thus impractical
in evolutionary computation scenarios where model structures
and parameters evolve continuously.

Motivating Example. To illustrate the importance of Bayesian
methods for uncertainty quantification in federated symbolic
machine learning, consider a clinical example involving the
prediction of visceral adipose tissue (VAT) percentage across
heterogeneous patient populations, for instance, urban tertiary
hospitals versus rural clinics, using a linear model of the form:
VAT (%) ~ Bage - Age + Bphysicalactivity - PhysicalActivity +
Bstatin + Statin+ . . .. While covariates such as age and physical
activity may exhibit stable effects across sites, others, like
medication use, can be context-dependent. For example, statins
may correlate with lower VAT in urban settings, where they
often reflect proactive cardiovascular care, but with higher VAT
in rural clinics, where they may be prescribed reactively in
patients with existing metabolic dysfunction.

Standard FL approaches based on point estimates, such as
maximum likelihood estimation (MLE), would average these
divergent effects, potentially producing a misleading modest
protective association biased toward the dominant data source.
In contrast, Bayesian methods yield full posterior distributions
over model parameters, capturing the elevated uncertainty
around the statin coefficient (Figure 1) compared to the other
parameters. This posterior uncertainty reflects underlying
population heterogeneity and highlights the unreliability
of generalizing this effect across contexts, enabling more
cautious and context-aware inference.

Our contribution. To address the need for well-calibrated
decentralized symbolic models with principled uncertainty
quantification, we propose Bayesian Federated Symbolic Re-
gression (BFSR), a novel framework for horizontal federated
SR with formal Bayesian foundations. Specifically, we:

o Formulate BFSR as a sequential Bayesian process com-
bining marginal likelihood-based model selection with
iterative refinement of parameter posteriors across decen-
tralized clients.

« Introduce a lightweight implementation integrating BFSR
into genetic programming-based SR via a two-stage infer-
ence: (1) model selection during evolution using a Gaus-
sian posterior fusion approximation of the Bayesian Infor-
mation Criterion (BIC), and (2) full Bayesian inference
on a selected subset of models to quantify uncertainty
and finalize model choice based on marginal likelihood.

o Demonstrate BFSR’s superior performance, calibration,
and interpretability compared to the state-of-the-art on
four SRBench datasets, a synthetic benchmark, and a
real-world clinical dataset with varying heterogeneity and
client counts.

The paper is structured as follows: Section II overviews
GPSR and Bayesian Inference. Section III details the proposed
approach. Section IV describes the GPSR configuration, the
datasets used in the experiments, and the methods for con-
trolling data distribution and heterogeneity across clients. The
experimental results are presented and discussed in Section V.
Finally, Section VI discusses the related work and summarizes
the relevant differences and relation with our approach, with
conclusions drawn in Section VIIL

II. PRELIMINARIES

To motivate our approach to embedding Bayesian learning
in federated SR, we begin by briefly summarizing the foun-
dations of evolutionary SR and Bayesian inference.

A. Genetic Programming-based SR (GPSR)

The original and most widely used method for SR, namely
GPSR, leverages a genetic algorithm to perform statistical
model selection and optimization.

Like any genetic algorithm, GPSR relies on three core
components: (i) an encoding and sampling scheme to represent
and generate candidate solutions, (ii) an exploration strategy to
define and traverse solution neighborhoods, and (iii) a ranking



Algorithm 1 GPSR pseudo-code

1: Input: P, G, T, D
: P + GenerateIndividuals(P)
: EvaluatePopulation(P, D)
: for generation g =1...G do
P 4 GenOf fspring(P,T)
P+ Simplify(P)
Evaluate Population(P, D)
Drop and replace invalids/duplicates
P « Select(P, P)
. Output: P
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mechanism to select individuals for reproduction and survival.
In its basic form, GPSR encodes closed-form expressions
as binary trees, with internal nodes as operators and leaves
as constants or features, selected recursively. Tree depth is
regulated by two hyperparameters: parsimony (initial operator
probability at the root) and parsimony decay (reducing this
probability with depth). Neighborhood exploration uses ge-
netic operations like point mutation (replacing a subtree with
a random one) and crossover (swapping subtrees between two
formulas). Solutions are ranked via a scalar fitness function,
typically a regression metric such as the mean squared error,
evaluated on the dataset of interest D. Reproduction eligibility
is determined through tournament selection: 7' candidates are
randomly sampled and evaluated, and the best is selected to
reproduce. Larger T" values make selection more deterministic.

The GPSR algorithm we implemented in this work is
outlined in Algorithm 1. It begins by initializing a population
P of P randomly generated formulas (step 2), followed by
the evaluation of their individual fitness values (step 3). The
population then evolves over GG generations: offspring are
generated via genetic operations (step 5) and added to the
existing population. Each formula in P is then simplified using
symbolic calculus (step 6) and re-evaluated for fitness (step 7).
To avoid redundancy, symbolic equivalence and identical fit-
ness scores are used to identify and remove duplicate formulas
(step 8), which are replaced with new random individuals.
Symbolic calculus also plays a key role in mitigating conver-
gence issues arising from functional redundancies [24]-[26].
Finally, selection is performed based on fitness values (step 9).
The algorithm outputs a ranked list of formulas along with
their corresponding fitness values (step 10).

Originally devised for centralized data, this formulation can
be systematically extended to federated environments through
appropriate modifications to the performance evaluation pro-
cedure. Specifically, the EvaluatePopulation steps must be
redefined to incorporate a federated evaluation protocol for
each symbolic model in P.

B. Bayesian Inference (BI)

Statistical model selection aims to identify models that
best explain observed data by balancing between predictive
accuracy and model complexity. In the Bayesian framework,

this is achieved by assessing the probability that a given model
generated the data [27].

Consider a regression problem in which the goal is to predict
the values of an unknown function f : R? — R, parameterized
by a vector § € RP/, given a dataset D = {(z;,y;)}7_;,
where z; € R? denote the input features and y; € R the
corresponding target values. Assuming additive Gaussian noise
with fixed variance o2, we model each y; as being drawn
from a normal distribution centered at the model prediction:
yj ~ N (f(x;,0),0?). Assuming that the y; are conditionally
independent given 6, the likelihood under model f factorizes

and is given by:
y'_fx'aa 2
exp { =Sl 00),

To simplify notation, we omit o from the likelihood term
p(D|0, f), though it remains an explicit parameter of the model
and is inferred alongside 6.

Then, the marginal likelihood or model evidence, which
quantifies how well model f explains the data, is computed
via Bayes’ theorem as:

p(Df) = / p(611) p(DI6, ) do,

where p(6|f) is the parameter prior under model f. Finally,
if p(f) is the prior probability of model f, its posterior
probability will be given by p(f|D) o p(D|f)p(f).

Bayesian inference offers two principal advantages: (i) a
principled framework for uncertainty quantification via the
posterior distribution over parameters,

p(0ID, f) o< p(0]f) p(DI0, f),

and (ii) the capacity to incrementally incorporate new informa-
tion. Given an additional independent dataset D’, the posterior
distribution and marginal likelihood can be updated recursively

pOIDUD, f) o p(8ID, f) p(D'}6, ),

p(DUD'|f) = p(D'|D, ) p(D|f),

where p(D'|D, f) = [p(0|D, f)p(D'|0, f)db is the predic-
tive density.

This sequential structure aligns naturally with the goals
of FL, which seeks to match centralized performance while
operating over decentralized data with privacy constraints.
Notably, the result does not depend on the update order.

III. BAYESIAN FEDERATED SYMBOLIC REGRESSION

Let consider a federated regression problem involving K
clients, indexed by K = {1,2,..., K} where each clienti € K
holds a local dataset D; = {(xgz),y(,z)) 5Ly, with :v]@ € R?
and y](-l) eR.

To address this problem, we propose BFSR, a novel re-
gression analysis that searches the space F of real-valued,
closed-form expressions f : R? — R, each parameterized
by 6 € RPf, to find the symbolic expression f* € F



that best explains the collective data while quantifying model
uncertainty. Assuming for simplicity equal prior probabilities
for all models, this objective is formalized as:

f argr}leagp( 1:x|f)s

along with estimation of the

p(e‘lDlzlﬂ f*)

Given the aforementioned properties of GPSR and BI,
f* can be selected by an enhanced version of GPSR that
treats model parameters 6 as random variables and estimates
marginal likelihoods accordingly. Specifically, each candidate
model f in the evolving population must be evaluated as
follows (step 7, Algorithm 1): the server first initializes a
prior distribution p(6|f). Then, marginal likelihoods p(D1.;| f)
and posteriors p(6|Dy.;, f) are computed sequentially across
clients 7+ = 1,..., K, using only their local data D;. Once
all clients have contributed, each model f is associated with a
global posterior and marginal likelihood, facilitating principled
model selection.

Nonetheless, performing full Bayesian inference for every
model across all GPSR iterations remains computationally
prohibitive [28]. To mitigate this, we propose adopting a two-
step strategy depicted in Figure 2: during GPSR’s evolutionary
phase, we employ the BIC, a crude approximation of the
marginal likelihood, to guide model selection; then, at the
end of GPSR’s evolution, we identify a set of models with
sufficient theoretical foundation and perform full Bayesian
inference using Sequential Monte Carlo (SMC) sampling
[29]. This final step allows us to compute accurate marginal
likelihoods and quantify parameter uncertainty.

parameter  posterior

A. Step 1: Streamlined model selection during GPSR

To streamline model space exploration during GPSR’s evo-
lutionary phase, we approximate model quality using the BIC.
Originally proposed by Schwarz [30], the BIC provides a
large-sample approximation to the model marginal likelihood
[31]. While its computation is straightforward in centralized
regression problems, extending BIC estimation to federated
settings requires a principled approach to recover the global
maximum a posteriori estimate, which coincides with the
global MLE under a flat prior.

In federated scenarios where data are partitioned across
disjoint subsets and the parameter prior is uniform, the global
posterior distribution can be approximated by aggregating
local Gaussian posteriors. For each subset D;, a Laplace
approximation yields a local posterior p(8|D;, f) ~ N (i, 3;)
where pu; and X; are the estimated local mean vector and
covariance matrix respectively. Assuming conditional indepen-
dence between subsets, the global posterior p(0|D1.k, f) is
proportional to the product of these local approximations. This
fusion results in a Gaussian posterior with precision matrix
A=3,%" and mean vector = A" Y S .

In the large-sample limit, each local posterior concentrates
around its corresponding MLE, é(l), and the covariance scales
as X; ~ niiIi_ 1 where n; denotes the number of observations

Algorithm 2 EVALUATEPOPULATIONFEDERATED
1: Input: Population P, local datasets {D; }icx
2: for each model f € P do
3:  for each client < € K in parallel do

égf) «+ arg maxg p(D;6, f)

local MLE
Send égf) and n; to server

@)
. Zl n,ef

i

9f — 21 server global estimate

Server sends ¢ to all clients

for each client i € K in parallel do
£« p(Dilfy, f)

10: Send log ng) to server

11:  Server computes global BIC( f)

12: Output: BIC(f) for all f € P

R A A

local likelihood

in D;, and Z; is the observed Fisher information. If the Fisher
information is approximately constant across subsets, either
due to homogeneous input distributions or because the data are
drawn from a common true model with sufficiently informative
covariates, the global mean reduces to a weighted average of
local estimates:

This coincides with the well-known FedAvg aggregation rule
[17], which receives a theoretical foundation under Bayesian
learning in the large-sample regime [22]. However, unlike deep
learning models where FedAvg typically requires multiple
rounds of client-server interaction for convergence, SR models
are interpretable and have few parameters. As a result, a single
round of communication suffices for parameter aggregation
and model evaluation.

To enable Bayesian federated model evaluation within
GPSR using BIC, we replace the centralized evaluation step in
Algorithm 1, EvaluatePopulation, with a federated procedure
described in Algorithm 2, and illustrated on the left-hand side
of Figure 2.

In this procedure, clients receive the candidate population P
from the server, compute their local MLEs, HA;'L), via numerical
optimization and return them to the server (steps 4 and 5). The
server aggregates these to obtain a global parameter estimate
é, which is then broadcast back to the clients (steps 6 and 7).
Each client evaluates its local likelihood p(D;|0, f) under 6
and sends the result back to the server (steps 9 and 10).

This enables the server to estimate a global likelihood and
compute BIC score (step 11) as:

BIC(f) = py log(no) — 2log lH p(Dilfy, f)] ,

€K

where p; is the number of free parameters in model f, and
no = Y ;e i is the total sample size. After training, the
algorithm returns a population of symbolic expressions, each
associated with a BIC score.



C4

Cs

p(6]f) — Cq

| #0DL1)
Ca

(" Selectonof ) 6|D.2,
Selection of l p(6| D122, f)
—){ theoretically }——y
\_grounded models C3
p(0| D133, f)

Selection based on
marginal likelihood

y J

f(z,0),p(0| D13, f)

Parametric models
and global estimates

f(a:10)10f

STEP 2

Fig. 2. Visualization of BFSR with a three-client setup. C1, C3, and C'3 indicate the clients, and S indicates the server.

B. Step 2: Refined model selection via full Bayesian inference

While ranking models by their BIC values allows for the
identification of a single best-scoring model, this approach
has important limitations. First, the BIC is an asymptotic
approximation to the marginal likelihood and may be in-
sufficiently accurate to correctly discriminate among models,
particularly in finite-sample regimes. Second, selecting only
the model fy € P with the minimum BIC does not offer strong
theoretical guarantees of its superiority over other candidates.

To address these limitations, we adopt a principled Bayesian
model comparison framework to identify the subset of models
in P that are plausibly supported by the observed data.
Specifically, we leverage the asymptotic relationship between
BIC differences and the Bayes factor:

p(Piklf) <_1 )
o Drrclfo) A2 exp 2ABIC ,

where ABIC = BIC(f) — BIC( fy). According to the conven-
tional interpretation of Bayes factors [32], values of ABIC > 6
constitute strong evidence against model f in favor of fj.
Based on this threshold, we define the set of supported models
S C P as those satisfying ABIC < 6, i.e., models that are not
strongly disfavored relative to the best candidate fj.

Furthermore, to mitigate the impact of approximating the
marginal likelihood via BIC and assess the uncertainty of
the models in S on the distributed datasets, we perform full
sequential Bayesian inference across all clients. The overall
procedure is illustrated in the right-hand panel of Figure 2.

For each model f € S, we initialize the prior over
the parameters p(f|f) as a multivariate normal distribution
N (éf,Z) centered at the point estimates 67, with diagonal
covariance given by ¥;; = max{range, ,C(éjl)), 1}. The prior
over the standard deviation of the likelihood, o, is specified
as an inverse gamma distribution with shape parameter o = 2
and scale parameter § = 1.

We perform sequential inference using the SMC
sampler provided in the PyMC library [33]. At each
step, SMC estimates the incremental marginal likelihood

log(p(D;|D1.i—1, f)) by accumulating the normalized particle
weights [34]. These values are then summed across all
steps to approximate the overall marginal log-likelihood
log(p(D1.x|f)), which then serves as the criterion for model
selection.

To address the computational challenges of high-
dimensional parameter distributions in sequential inference,
we approximate intermediate posteriors p(6|D1., f) as
multivariate normals. Using PyMC’s prior_from_idata, we
estimate the posterior mean p and covariance matrix X
from MCMC samples. The covariance is then factorized
via Cholesky decomposition ¥ = LLT, enabling efficient
sampling through the affine transformation 6 ~ p+ Lz, where
z ~ N(0, 7). This approach preserves the first two moments
of the posterior and facilitates downstream inference steps.

To ease the comparison with the state-of-the-art and main-
tain interpretability, we avoid creating a marginal weighted
ensemble. Instead, we simply select the model with the highest
marginal likelihood across clients in S.

IV. EXPERIMENTAL SETUP
A. GPSR algorithm setup

Our implementation of GPSR follows the steps described
in Section II-A. In particular, we set parsimony to 0.9 and
parsimony decay to 0.95. These values are standard in the
literature and were applied uniformly across methods, ensuring
a fair comparison. Operators and features are selected with a
uniform probability distribution. Constants are treated as an
additional feature class and are initialized from a uniform
distribution over [—1,1]. The default set of operators used
is O = {+, —, %, /,1In(.), e®), %x,sin(.)}, while genetic
operators encompass mutation, crossover, operator insertion,
deletion, and replacement, and feature replacement. The rank-
ing induced by the fitness function (the global BIC estimate)
is used in both population selection and offspring creation
through tournament selection (tournament size 7’ is fixed to 3
to limit selection pressure). In every experiment, we evolve a



TABLE I
DATASET CHARACTERISTICS.

Dataset d B R total  train test
F5-noise 2 0o 2 5000 600 1250
Pollen 4 0 4 3790 600 948
Houses 8 0o 8 20330 1200 5083
Echo M. 9 3 6 17233 1800 4309
DEXA 9 4 5 3570 2400 893
Breast T. 13 9 4 114890 3000 28723

population of P = 100 individuals for G = 100 generations
without early stopping. All experiments are repeated 10 times'.

B. Simulating realistic federated settings

To simulate realistic federated settings, we incorporate both
sample size and statistical heterogeneity in data distribution
across clients. Sample size heterogeneity is simulated by either
distributing an equal number of samples per client or following
a power-law distribution, where the client with the most data
has ten times more samples than the one with the least data.
This can be achieved by ensuring nZlK:l ~=1 = N, where
N is the number of samples used for training, v~ = 0.1
and each client i = 1,..., K holds n; = 7'~ 'n data.

To generate non-IID client training data, we adapt the
Dirichlet-based mechanism in [35] for regression. In a clas-
sification setting, for each class j, one would sample ¢; ~
Dirg (ap), where p represents the prior class distribution,
and allocate a proportion g;; of instances from class j to
client 7. The parameter o controls statistical heterogeneity:
o = 100 mimics identical distributions across clients, while
lower values increase heterogeneity by concentrating class
examples within specific clients. For regression, this approach
is adapted by sampling based on () quantile classes of the
target variable y. Specifically, each client draws a distribution
p; ~ Dirg(ai), where u; = 1, and receives a proportion
p;,; of instances from quantile class j. As o decreases, the
client distributions deviate more from the IID case, amplifying
heterogeneity.

C. Datasets

We evaluate regression methods using four datasets from
SRBench [3], a synthetic dataset (f5-noise) from [14], and
a private real-world dataset with Electronic Health Records
(DEXA). Table I summarizes the key characteristics of these
datasets: the number d and types (B for binary, R for real) of
features, total records, and total number of records sampled
for training (/V in Section IV-B) and testing.

The test set comprises 25% of the total records, while
the training set is sampled across the clients according to
statistical heterogeneity and distributed based on sample het-
erogeneity. We consider two levels of sample heterogeneity,
vK=1 € {1,0.1}, and three levels of statistical heterogeneity,
a € {100, 10,1}, using deciles as quantiles (Q = 10). So, for

IThe source code is available at:
https://github.com/mattiabilla/BFSR

each dataset, we simulate 6 different settings, for a total of 36
configurations. All methods are tested simulating the presence
of K =3, as in [14], and K = 10 clients?.

V. RESULTS

The experiments are structured around three primary objec-
tives. First, we conduct a comparative analysis of BFSR and
the state-of-the-art method for horizontal FL in SR, Mean Shift
[14], focusing on both accuracy and interpretability. Second,
we investigate the uncertainty quantification capabilities of
BFSR, demonstrating that it generates well-calibrated uncer-
tainty estimates. Finally, we explore the scalability of BFSR
by evaluating its performance in a scenario with an increased
number of clients. All tests were run on a computing cluster
with nodes featuring 2x24-core Intel Cascade Lake 8260 CPUs
and 384 GB RAM. Mean Shift used 4 cores and 32 GB RAM;
BFSR used 8 cores and 64 GB RAM. On average, Mean
Shift completed in approximately 40 minutes per run, whereas
BFSR required about 60 minutes (50 minutes for step 1 and
10 minutes for step 2).

A. Comparison with the State-of-the-Art

1) Predictive Accuracy: Our first aim is to compare the
state-of-the-art method for horizontal FL in SR, i.e., Mean
Shift by [14], with BFSR. We do this by computing the
coefficient of determination (R?) on the test set, a widely used
metric in the SR community [3]. To obtain an R? estimate
from the BFSR approach, we aggregate samples from the
posterior predictive distribution to produce a point estimate.
This requires, for each new data point j with feature vector
x4, a predicted value §;. We use the posterior predictive mean
and approximate it via Monte Carlo averaging:

1 S
i = [ £ 000D, )i > a0,
s=1

where 0(8), s = 1,...,S, is a posterior sample.

Table II presents the predictive performance (R2,
mean £SD) across all experimental settings in the three-client
setup. A paired, two-tailed t-test with significance level
a = 0.05 is used to assess the statistical significance of
differences between BFSR and Mean Shift. Bold values
indicate the best performance, while underlined values denote
statistically significant improvements.

The results show that BFSR outperforms Mean Shift in 31
out of 36 scenarios overall, with statistically significant im-
provements in 22 cases. Exceptions arise in scenarios with low
R? values, such as the Breast T. dataset, where limited data
informativeness leads to comparable performance between the
methods. Another exception is the Echo M. dataset, where
performance saturates, and both methods achieve results close
to those of a centralized setup.

For reference, Table III reports the performance of BFSR
in a centralized setting, where the data, sampled as described

2Due to computational constraints, when using ten clients, we evaluate only
the most heterogeneous configuration.



PREDICTIVE PERFORMANCE (R?, MEAN % SD) AND MODEL COMPLEXITY (C, MEAN £ SD) ACROSS METHODS IN THE 3-CLIENT SETUP.

TABLE 11

Configuration Accuracy (R?) Complexity (C)
~2 « Dataset Mean Shift BFSR Mean Shift BFSR

F5-noise | 0.31 + 0.14 0.77 £ 0.13 177 £ 92 304 + 25.0

Pollen 0.59 £+ 0.09 0.78 + 0.09 23.6 £ 6.7 16.3 £ 7.5

100 Houses 0.51 £ 0.04 0.55 + 0.04 239 £ 8.8 193 £ 7.0
Echo M. 042 + 001 042 +0.02 23.0 £ 11.1 12.8 + 34

DEXA 0.49 + 0.03 0.57 £ 0.03 229 + 6.7 26.6 = 5.9

Breast T. | 0.03 &+ 0.01 0.02 £+ 0.03 343 + 22,5 395 £ 287
F5-noise | 0.27 &+ 0.15 0.82 + 0.08 108 3.6 255 + 149

Pollen 0.58 + 0.12 0.78 £ 0.12 27.0 £ 124 144 + 45

| 10 Houses 0.50 £ 0.03 0.53 + 0.06 255 £ 6.2 189 £ 5.7
Echo M. 0.41 £+ 0.02 0.42 + 0.02 22.8 £ 149 10.4 £ 4.6

DEXA 0.47 + 0.04 0.59 + 0.02 19.0 £+ 8.0 253 + 4.0
Breast T. | 0.02 4+ 0.01 0.04 + 0.02 56.2 £53.0 252 4+ 15.2
F5-noise | 0.18 &+ 0.18 0.76 + 0.14 11.3 £ 5.0 454 £ 23.1

Pollen 0.65 + 0.10 0.78+ 0.10 24.6 £+ 8.6 13.3 + 3.2

1 Houses 0.47 + 0.10 0.53 £ 0.04 19.5 £ 6.7 179 + 84
Echo M. 0.38 £ 0.05 0.40 = 0.03 169 £ 7.3 11.1 £ 6.3

DEXA 0.37 £ 0.15 0.55 + 0.04 283 £ 140 228 +5.2
Breast T. | 0.00 = 0.04  -0.02 £ 0.04 || 59.2 £ 523 29.1 &+ 164
F5-noise | 0.24 + 0.14 0.77 + 0.11 11.6 £+ 4.8 34.0+ 21.2

Pollen 0.60 + 0.12 0.78 + 0.01 237 + 84 17.9+ 4.4

100 Houses 0.52 £+ 0.04 0.55 + 0.04 28.0 £ 13.5 20.2+ 4.9
Echo M. 0.42 £+ 0.02 0.43 + 0.02 217 £7.9 172+ 5.5

DEXA 0.45 + 0.06 0.59 + 0.03 21.2 + 5.6 255+ 3.5

Breast T. | 0.01 &+ 0.02 0.03 £ 0.02 4377 £ 269 414+ 23.0
FS5-noise | 0.22 &+ 0.17 0.78+ 0.09 131 £ 57 442 £ 156

Pollen 0.54 + 0.10 0.78 + 0.01 244 £+ 11.1 16.6 + 3.1

01 10 Houses 0.48 + 0.03 0.56 + 0.03 237 £ 11.1 22.9+ 34
Echo M. 0.41 £+ 0.02 0.43 + 0.01 262 £ 12.7 13.0 £ 2.7

DEXA 0.45 £ 0.05 0.58 + 0.03 225 + 6.1 260 £ 5.3

Breast T. | 0.02 4+ 0.01 0.02 £ 0.02 423 £ 151  36.2 + 155
F5-noise | 0.00 & 0.31 0.79 + 0.09 6.6 + 5.6 27.0 £ 20.1

Pollen 0.55 £ 0.13 0.78 + 0.01 28.7 £ 6.8 15.8 £ 3.0

1 Houses 0.47 + 0.04 0.54 + 0.03 245 + 6.8 17.7 +£ 5.1
Echo M. | 0.39 + 0.03 0.39 + 0.05 20.6 £+ 10.1 14.0 £+ 5.6

DEXA 0.44 £ 0.05 0.55 + 0.04 17.0 £ 59 26.6 £ 5.4
Breast T. | -0.03 & 0.03  -0.05 £ 0.08 || 47.1 £ 342 38.9 + 194

in Section IV-B, is aggregated before training. Interestingly,
the accuracy obtained in this configuration is comparable to
that achieved under distributed scenarios. However, it is worth
noting that the Breast T. dataset remains difficult to fit, even
when trained centrally.

2) Model Interpretability: In Symbolic Regression, the
interpretability of the resulting formulas is a key concern. To
quantify this aspect, we use the concept of complexity, defined
as the total number of mathematical operators, features, and
free parameters within a model. This metric provides a prac-
tical proxy for interpretability, as more complex expressions
tend to be harder to understand and analyze. For further details
on this measure, we refer the reader to [3].

Table II summarizes the model complexity (C, mean £+ SD)
of the tested methods in the three-client setup. A paired,
two-tailed t-test with significance level o« = 0.05 is used to

assess differences between BFSR and Mean Shift. As before,
bold values indicate the best performance, and underlined
values denote statistically significant differences. The results
show that BFSR produces less verbose models for most of
the datasets, even though this difference is not statistically
significant. Conversely, Mean Shift generates significantly
shorter formulas for the synthetic dataset (F5-noise); however,
these shorter formulas come at the cost of very low accuracy.

Since BFSR achieves higher predictive accuracy without
compromising interpretability, it represents a more effective
alternative to Mean Shift.

B. Evaluating Uncertainty Quantification

We assess BFSR uncertainty quantification and calibration
using the Within 50 (W5p) and Within 95 (Wgys) scores,
also referred to as Prediction Interval Coverage Probability



TABLE III
PREDICTIVE PERFORMANCE (R?, MEAN £ SD) AND MODEL COMPLEXITY
(C', MEAN % SD) FOR THE CENTRALIZED SETUP.

Dataset Accuracy (R?)  Complexity (C)
F5-noise 0.88 £ 0.04 57.5 + 49.8
Pollen 0.78 £ 0.01 134 £23
Houses 0.63 + 0.02 31.8 + 8.0
Echo M. 0.41 £ 0.02 139 £+ 6.6
DEXA 0.58 + 0.04 25.6 £ 2.7
Breast T. 0.01 + 0.03 394 + 334

(PICP) [36], which measure the proportion of test values that
fall within the 50% and 95% posterior predictive intervals,
respectively. Let P, (x;) denote the (1—c)% central posterior
predictive interval for input x;, estimated from the empirical
quantiles of the predictive samples:

PIa(xj) = [q(x/2(xj)a ql—a/Q(x]’)} ;

where g, (z;) is the p-th quantile of {f(z;,0))}5_,. Then,
the Within « score is given by:
1 NlCSl

W, = 1y, 21
Ntestj; {y; €PLa(z;)}

Values of W3¢ and Wy5 closer to 0.50 and 0.95, respectively,
indicate better calibration performance. Specifically, values
below these thresholds suggest that the model is overconfident,
while values above suggest underconfidence.

In Figure 3, we represent these metrics for each setting.
BFSR exhibits good calibration for almost all scenarios and
datasets, except for F5-noise where the high variance of W5 is
caused by the synthetic nature of this dataset and its relatively
low noise level, which can lead to significant miscalibration
when the true model is not found. This also justifies the
very low level of confidence shown for Wy5. However, even
in this case, there is no clear pattern of miscalibration as
heterogeneity increases.

These results suggest that BFSR is capable of identifying
well-defined models and that the approximation of the poste-
rior distributions using multivariate normal distributions does
not impose a significant limitation on the model’s accuracy or
expressiveness.

C. Scalability to More Clients

So far, our evaluation focuses on a three-client federated
setup, consistent with prior work [14]. To examine whether the
observed performance holds with a larger number of clients,
we extend our experiments to a more challenging ten-client
federated setting. Due to computational and space constraints,
here we consider only the most heterogeneous configuration.

Results (Table IV) show that BFSR maintains performance
similar to that observed in the three-client setup. In some cases,
we even see slight improvements, though not statistically
significant, which may be attributed to implicit regularization
effects and enhanced ensemble behavior when scaling to more

clients. This hypothesis is also supported by the reduced
complexity of the selected model compared to the three-
client setup. Importantly, BFSR continues to deliver well-
calibrated uncertainty estimates, underscoring its robustness
and scalability in challenging federated environments.

VI. RELATED WORKS AND DISCUSSION

FL has seen rapid advances in handling non-IID data,
with methods like FedAvg [17] often struggling to converge
to optimal global models [37], [38]. BFL has emerged as
a promising direction for incorporating uncertainty and im-
proving robustness also in data limited settings [20]-[22].
However, BFL methods are typically designed for fixed neural
network architectures and rely on assumptions or techniques
(e.g., posterior factorization, knowledge distillation) that are
ill-suited for SR, where model structures evolve over time.

In contrast, the application of FL to SR remains largely
unexplored. To date, only one method has addressed horizontal
FL in this context [14], relying on Mean Shift to aggregate
model fitness across clients. This heuristic mechanism for
model selection precludes parameter estimation and limits
the search to symbolic expressions with fixed coefficients.
This definitely compromises model search and convergence,
as also reflected in our empirical comparison (Tables II, IV).
By contrast, our BFSR framework introduces a principled
approach to model selection via marginal likelihood estimation
(or its approximation). Furthermore, it enables the aggregation
of local client estimates to obtain either point-wise parameter
estimates (after step 1) or distribution-wise estimates (after
step 2). This not only improves predictive performance but
also allows for uncertainty quantification, a critical aspect in
many scientific and data-scarce applications.

Bayesian approaches to SR have recently gained traction,
but have only been applied to centralized settings. Prior work
has focused on model selection and the construction of model
priors based on scientific corpora [28], [39] or domain-specific
knowledge [40]. Marginal likelihood is often approximated
using BIC or Laplace methods to ensure tractability [6], [28],
[39], sometimes supplemented by priors that penalize operator
complexity. Full Bayesian inference has also been explored,
most notably by [29], who employed SMC and fractional
Bayes factors for robust marginal likelihood estimation.

As our method should operate in federated settings where
data sources are private and mostly heterogeneous, using
informed priors is often impractical and risks introducing bias.
For this reason, we adopt a flat prior over model structures
and rely on BIC, combined with symbolic simplification via
symbolic calculus, to constrain formula complexity, avoiding
the need for prior-based bloat control. This operation proves
effective, as shown by the modest model complexities in
Table II. Moreover, instead of choosing between crude ap-
proximation or rigorous estimate of the marginal likelihood,
we propose a two-stage approach: BIC is used to rapidly filter
candidate models, followed by SMC to refine comparisons
among theoretically grounded contenders. This hybrid pipeline



1.000 * T T

0.975

4
20950 - % I
= §
0.925 Dataset +
¢ F5-noise ¢ Echo M.
0.900 Pollen ¢ Dexa
Houses ¢ Breast T
0.875
0.65
0.60 T
0.55 l t
' I
L3050
0.45
0.40
0.35
100.0 10.0 1.0
«
2 _
(@) v =

1.000 T T ‘

0.975

4

o

20950

= 2 3
0.925 Dataset T

®  F5-noise ¢ Echo M.
0.900 Pollen ¢ Dexa
Houses ¢ Breast T

100.0 10.0 10
@

(b) v* = 0.1

Fig. 3. Uncertainty Quantification of BFSR (Wys and W50, Median + IQR) in the 3-client setup.

TABLE IV
PREDICTIVE PERFORMANCE (R2, MEAN 4 SD) AND MODEL COMPLEXITY (C, MEAN #+ SD) ACROSS METHODS AND UNCERTAINTY QUANTIFICATION
(W, MEAN =+ SD) FOR BFSR IN THE 10-CLIENT AND MOST HETEROGENEOUS SETUP (72 = 0.1, o = 1).

Accuracy (R?) Complexity C UQ (BFSR only)
Dataset Mean Shift BFSR Mean Shift BFSR Wos Wiso
F5-noise | -0.03 £ 0.23 0.85 + 0.05 94 +65 2134145 || 098 £+ 0.03 046 £+ 0.15
Pollen 0.57 + 0.13 0.78 £+ 0.01 || 26.6 = 19.1 11.7 £ 1.6 || 0.94 £0.02 0.50 £ 0.03
Houses 0.47 £+ 0.04 0.53 + 0.04 172 £ 7.0 15.0 £ 4.5 || 094 £ 0.02 0.54 £ 0.06
Echo M. 0.36 £+ 0.05 0.41 + 0.02 184 £ 7.7 13.3 £ 44 || 093 £0.03 0.52 £ 0.05
DEXA 0.49 + 0.03 0.59 + 0.03 15.7+ 5.0 26.0 + 3.1 || 095 £0.02 048 £ 0.03
Breast T. | -0.06 &+ 0.21 0.01 £ 0.01 19.6 £ 17.2 12.8 £ 5.5 || 0.94 £ 0.04 0.55 £ 0.07

is well-suited to FL in SR, where full posterior inference at
each generation step would be computationally prohibitive.

Finally, we emphasize the assumptions underlying the
global BIC approximation derived via Gaussian posterior fu-
sion in the large-sample regime, a formulation that mirrors, and
is formally equivalent to, the FedAvg aggregation method. This
approach typically presumes data homogeneity to ensure that
the Fisher information matrices are approximately constant
across clients, thereby justifying the weighted averaging of
local estimators. This same assumption underlies the known
limitations of FedAvg in heterogeneous settings. However, the
requirement of distributional homogeneity can be substantially
relaxed when clients share a common true regression model
that is smooth in its parameters and locally identifiable. Under
this condition, even in the presence of differing covariate
distributions, local Fisher information matrices may remain
sufficiently similar to enable effective aggregation. While
such assumptions are often violated in overparameterized
neural networks, symbolic regression models are typically low-
dimensional, smooth, and interpretable, making local param-
eter estimation more stable and consistent. This expands the
practical applicability of Gaussian posterior fusion, even under
substantial data heterogeneity. The increased viability of this

approach is empirically supported by the results in Section V,
where model performance remains stable across both homo-
geneous and highly heterogeneous data configurations.

VII. CONCLUSIONS

This paper presents BFSR, a novel symbolic regression
framework in horizontal federated learning. Designed for
privacy-sensitive, decentralized environments, BFSR addresses
key challenges in federated modeling, including statistical
heterogeneity, limited data per client, and the need for inter-
pretable models with quantified uncertainty.

BFSR is implemented in a two-stage Bayesian inference
pipeline. The first stage performs efficient model selection
during the evolutionary search via a global BIC, where global
parameter estimates are computed through Gaussian posterior
fusion in the large-sample limit. In the second stage, BFSR
applies full Bayesian inference over a filtered subset of can-
didate models, enabling refined model selection, parameter
estimation, and uncertainty quantification.

Extensive experiments across diverse data heterogeneity
regimes demonstrate that BFSR consistently outperforms ex-
isting approaches in accuracy and scalability, also quantifying
epistemic uncertainty. Its ability to produce interpretable and



robust symbolic models makes it especially suited for feder-
ated data mining tasks in real-world settings, such as health-
care and engineering, where privacy, model transparency, and
trustworthiness are critical.
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